Abstract. In this paper, we deduce the vanishing of Selmer groups for the Rankin-Selberg convolution of a cusp form with a theta series of higher weight from the nonvanishing of the associated L-value, thus establishing the rank 0 case of the Bloch-Kato conjecture in these cases. Our methods are based on the connection between Heegner cycles and p-adic L-functions, building upon recent work of Bertolini, Darmon and Prasanna, and on an extension of Kolyvagin's method of Euler systems to the anticyclotomic setting. In the course of the proof, we also obtain a higher weight analogue of Mazur's conjecture (as proven in weight 2 by Cornut-Vatsal), and as a consequence of our results, we deduce from Nekovář's work a proof of the parity conjecture in this setting.
Introduction
Let f ∈ S new 2r (Γ 0 (N )) be a newform of weight 2r ≥ 2 and level N . Fix an odd prime p ∤ N . Let F/Q p be a finite extension containing the image of the Fourier coefficients of f under a fixed embedding ı p : Q ֒→ C p , and denote by ρ f : Gal(Q/Q) −→ Aut F (V f (r)) ≃ GL 2 (F ) the self-dual Tate twist of the p-adic Galois representation associated to f . Let K/Q be an imaginary quadratic field of odd discriminant −D K < −3 and let χ : G K := Gal(Q/K) → F × be a locally algebraic anticyclotomic character. The G K -representation V f,χ := V f (r) ⊗ χ is then conjugate self-dual, and the associated Rankin L-series L(f, χ, s) satisfies a functional equation relating its values at s and 2r − s. The Bloch-Kato conjectures (see [BK90] , [FPR94] ), which provide a vast generalization of the Birch-Swinnerton-Dyer conjecture and Dirichlet's class number formula, predict in this context the equality (BK) ord s=r L(f, χ, s)
between the order of vanishing at the central point of the Rankin L-series L(f, χ, s) and the size of the Bloch-Kato Selmer group Sel(K, V f,χ ) for the representation V f,χ . 
Hypothesis (H)
.
H
1 (K ′ , T f (r)) ⊗ OF F interpolating generalized Heegner cycles over the anticyclotomic tower. Moreover, based on an extension of the calculations of [BDP13] we prove an "explicit reciprocity law":
(cf. Theorem 5.7) relating the p-adic L-function L p,ψ (f ) to the image of the classes z f under a variant of Perrin-Riou's big logarithm map L p,ψ . The assumption that p = pp splits in K and the p-ordinarity of f are crucially used at this point. The non-ordinary case will be treated in a forthcoming work of S. Kobayashi.
With the result at hand, the proof of Theorem A follows easily. Indeed, by the interpolation property of L p,ψ (f ), the nonvanishing of the L-value L(f, χ, r) in the statement implies the nonvanishing of the value of L p,ψ (f ) at φ 0 = ψ −1 χ; by our explicit reciprocity law, this translates into the nonvanishing of the natural image of z f in H 1 (K p , V f (r) ⊗ χ −1 ). Combined with a suitable extension of Kolyvagin's method of Euler systems with local conditions at p (see §7), we then use this to establish the vanishing of Sel(K, V f,χ ).
Remark. Under more stringent hypotheses, a version of Theorem A was proven in [Cas14] . The strategy followed in loc.cit. is the same as in this paper, but with our classes z f replaced by the specializations ν f (Z ∞ ) of Howard's system of big Heegner points [How07] attached to the Hida family passing through f . In particular, a key ingredient in [Cas14] is the proof of a certain "two-variable" explicit reciprocity law, which specializes to a relation between L p,ψ (f ) and the image of ν f (Z ∞ ) under L p,ψ . Comparing the resulting two formulas for L p,ψ (f ), the equality ν f (Z ∞ ) = z f follows easily, yielding an important refinement of the main result of [Cas13] .
Notation and definitions. We let p be a prime and fix embeddings ı p : Q ֒→ C p and ı ∞ : Q ֒→ C throughout. Let A = A Q be the adele ring of Q. Let ψ = q ψ q : Q\A → C × be the standard additive character with ψ ∞ (x) = exp(2πix). For each finite prime q, denote by ord q : Q × → Z the normalized valuation with ord q (q) = 1. If N is a positive integer, denote by µ N the group scheme of N -th roots of unity. We set µ N = µ N (Q) and ζ N := exp( By definition, g(1) = 1 for the trivial character 1. If F is a finite extension of Q q and π is an irreducible representation of GL n (F ) (n = 1, 2), we let If L is a number field or a local field, we denote by G L the absolute Galois group of L and by O L the ring of integers of L.
Modular curves and CM points
2.1. Igusa schemes and modular curves. Let N ≥ 3 be an integer prime to p, and let Ig(N ) /Z (p) be the Igusa scheme over Z (p) , which is the moduli space parameterizing elliptic curves with Γ 1 (N p ∞ )-level structure. More precisely, for each locally noetherian scheme S over Z (p) , Ig(N )(S) is the set of isomorphism classes of pairs (A, η) consisting of an elliptic curve A over S and a Γ 1 (N p ∞ )-level structure η = (η (p) , η p ) :
, an immersion as group schemes over S. For a non-negative integer n, let Y 1 (N p n ) /Q be the usual open modular curve of level Γ 1 (N p n ). Put
Letting H be the complex upper half-plane, the curve Y 1 (N p n ) admits the complex uniformization
where GL 2 (Q) + is the subgroup of GL 2 (Q) with positive determinants. Since the generic fiber Ig(N ) /Q is given by
this yields a map H × GL 2 ( Q) → Ig(N )(C), x = (τ x , g x ) → [(A x , η x )]. We now give an explicit construction of pairs (A x , η x ) of complex elliptic curves with Γ 1 (N p ∞ )-level structure. Let V = Qe 1 ⊕ Qe 2 be the two-dimensional Q-vector space equipped with the symplectic pairing ae 1 + be 2 , ce 1 + de 2 = ad − bc, and let GL 2 (Q) act on V from the right via (xe 1 + ye 2 ) · a b c d = (xa + cy)e 1 + (xb + yd)e 2 .
For τ ∈ H, define the map p τ : V → C by p τ (ae 1 + be 2 ) = aτ + b.
Then p τ induces an isomorphism V R := R ⊗ Q V ≃ C. Let L be the standard lattice Ze 1 ⊕ Ze 2 , and for every g = a b c d ∈ GL 2 ( Q) define the Z-lattice L g ⊂ V by
where g ′ is the main involution defined by
The C-pair (A x , η x ) attached to x = (τ x , g x ) ∈ H × GL 2 ( Q) is then given by
and the Γ 1 (N p ∞ )-level structure η x = (η (p)
x , η x,p ) is given by the immersions η (p)
. Here we have used the identification Q/Z ⊗ Z Lg ′ x = Q/Z ⊗ Z L gx . The lattice L x ⊂ C is called the period lattice of A x attached to the standard differential form dw, with w the standard complex coordinate of C.
Modular forms.
We briefly recall the definitions and standard facts about geometric and p-adic modular forms. The basic references are [Kat73] , [Kat78] and [Hid04] .
Geometric modular forms.
Definition 2.1. Let k be an integer, and let B be a Z (p) -algebra. A geometric modular form f of weight k on Ig(N ) defined over B is a rule assigning to every triple (A, η, ω) /C over a B-algebra C, consisting of a point [(A, η)] ∈ Ig(N )(C) and a basis ω of H 0 (A, ω A/C ) over C, a value f (A, η, ω) ∈ C such that the following conditions are satisfied:
′ is any B-algebra homomorphism, then f ((A, η, ω) ⊗ C C ′ ) = ϕ(f (A, η, ω)).
(G3) f (A, η, tω) = t −k f (A, η, ω) for all t ∈ C × . (G4) Letting (Tate(q), η can , ω can ) be the Tate elliptic curve G m /q Z with the canonical level structure η can and the canonical differential ω can over Z((q)), the value f (Tate(q), η can , ω can ) lies in B q . We call f (Tate(q), η can , ω can ) ∈ B q the algebraic Fourier expansion of f .
If f is a geometric modular form of weight k defined over a subring O ⊂ C, then f gives rise to a holomorphic function f : H× GL 2 ( Q) → C by the rule
where w is the standard complex coordinate of A x = C/L x . This function f satisfies the transformation rule:
f (ατ, αg) = (det α)
where J : GL 2 (R) + × H → C is the automorphy factor defined by
Moreover, the function f (−, 1) : H → C is a classical elliptic modular form of weight k with analytic Fourier expansion
and we have the equality between algebraic and analytic Fourier expansions (cf. [Kat78,
We say that f is of level
p-adic modular forms. Let R be a p-adic ring, and let Ig(N ) /R := lim − →m Ig(N ) /R/p m R be the formal completion of Ig(N ) /R . Define the space V p (N, R) of p-adic modular forms of level N by
Thus elements in V p (N, R) are formal functions on the Igusa tower Ig(N ). We say that a p-adic modular form f is of weight k ∈ Z p if for every u ∈ Z × p , we have
If f is a geometric modular form defined over R, then we can associate to f a p-adic modular form f , called the p-adic avatar of f , as follows. Let C be a complete local R-algebra, and let (A, η) be an elliptic curve with
Then f is the p-adic modular form defined by the rule
. It follows from the definition that if f is a geometric modular form of weight k and level Γ 0 (N p n ), then f is a p-adic modular form of weight k.
CM points (I).
Let K be an imaginary quadratic field of discriminant −D K < 0, and denote by z → z the complex conjugation on C, which gives the non-trivial automorphism of K. In this section, we assume that p > 2 is a prime split in O K and write
where p is the prime ideal above p determined by the embedding Q ֒→ C p . Define ϑ ∈ K by
Then O K = Z + Zϑ and ϑϑ is a local uniformizer of Q q for q ramified in K. If M is a positive integer, we decompose M = M + M − , with the prime factors of M + (resp. M − ) split (resp. inert or ramified) in K. For each prime q =split in K, we write
where e q and e q are the idempotents in Z q ⊗ Z O K corresponding to q and q, respectively.
We assume that N O K = NN for some ideal N of O K . Let c be a positive integer, let O c := Z+ cO K be the order of conductor c, and let K c be the ring class field of K of conductor c. Let a be a fractional ideal of O c , and let a ∈ K × with a K ∩ O c = a. To the ideal a and the finite idele a, we associate a C-pair (A a , η a ) of complex CM elliptic curves with Γ 1 (N p ∞ )-level structure as follows. Define A a to be the complex elliptic curve C/a −1 . For each prime q | pN , let q be the prime of O K above q with q | Np, and let a q ∈ Q q be the q-component of a. We then have (Z q ⊗ Z a −1 ) ∩ Q q e q = Z q a −1 q ce q and the exact sequence
q e q , and we define η a = (η
Denote by V the valuation ring ι
It follows from the theory of complex multiplication [Shi98, 18.6, 21 .1] combined with the criterion of Serre-Tate [ST68] that (A a , η a ) actually descends to a discrete valuation ring V 0 inside V. Thus [(A a , η a )] is defined over V 0 and belongs to Ig(N )(V 0 ). We call [(A a , η a )] ∈ Ig(N )(V) the CM point attached to (a, a).
If a is a prime-to-Np integral ideal of O c , we write (A a , η a ) for the triple (A a , η a ) with q-component a q = 1 for every q | Np. If a = O c , we write (A c , η c ) for (A Oc , η Oc ). In this case, we see immediately from the construction that A a = A c /A c [a] and the isogeny λ a : A c → A a induced by the quotient map
CM points (II).
We give an explicit complex uniformization of the CM points introduced above. Consider the embedding K ֒→ M 2 (Q) given by
is the geometrically normalized reciprocity law map.
− o be a positive integer prime to p and fix a decomposition c
Let c = c o p n with n ≥ 0. We define γ c = q γ c,q ∈ GL 2 ( Q) by γ c,q = 1 if q ∤ cN p,
Let ξ c := ς (∞) γ c ∈ GL 2 ( Q) be the product. An elementary computation shows that O c = p ϑ (L ξc ) and that for q =with q | CNp, we have
and
. Define
where K c (p ∞ ) is the compositum of K c and the ray class field of K of conductor p ∞ . Thus σ a is the image of a under the classical Artin map. We have (2.5)
Here the first equality can be verified by noting that the main involution induces the complex conjugation on A × K and using (2.3), and the second equality follows from Shimura's reciprocity law for CM points (2.2).
2.5. CM periods. Let Q ur p be the p-adic completion of the maximal unramified extension Q ur p of Q p , and let W be the ring of integers of Q ur p . If a is a prime-to-pN fractional ideal of O c with p ∤ c, then (A a , η a ) has a model defined over V ur := W ∩ K ab . In the sequel, we shall still denote this model by (A a , η a ) and simply write A for A OK .
Fix a Néron differential ω A of A over V ur . There exists a unique prime-to-p isogeny λ a : A a → A inducing the identity map on both the complex Lie algebras C = Lie A a (C) → C = Lie A(C) via the complex uniformizations and on the p-divisible groups
via the level structures at p. Letting ω Aa := λ * a ω A be the pull-back of ω A , we see that there exists a pair
where w is the standard complex coordinate of C/a −1 = A a (C). The pair (Ω K , Ω p ) are called the complex and p-adic periods of K. Note that the ratio Ω K /Ω p does not depend on the choice of Néron differential ω A .
Anticyclotomic p-adic L-functions
In this section, we review the anticyclotomic p-adic L-functions that were originally constructed in [Bra11] , [BDP13] and [Hsi14] from various points of view. Our purpose is to extend their interpolation formulae to include p-ramified characters and to prove the nonvanishing of these p-adic L-functions, so we find it more convenient to adopt the approach of [Bra11] , based on the use of Serre-Tate coordinates. 
be the Serre-Tate bilinear form attached to A /R (see [Kat81] ). The canonical Serre-Tate coordinate
can (P x ), P x ) and yields an identification O Sx = W t − 1 .
Let f ∈ V p (N, W) be a p-adic modular form over W. The t-expansion f (t) of f around x is defined by f (t) = f | Sx ∈ W t − 1 , and we let df be the p-adic measure on Z p such that
Proof. This is well-known. For example, see [Hid93, §3.5 (5)].
3.2. Serre-Tate coordinates of CM points. Suppose that c is a positive integer with p ∤ c. Let a be a prime-to-cNp integral ideal of O c , and
be the CM point attached to a and let t be the canonical Serre-Tate coordinate of x a := x a ⊗ VFp . We will use the following notation: for each z ∈ Q p , set
Proof. Let (A, η A ) /V0 be a model of the CM elliptic curve (A a , η a ) over a discrete valuation ring
Recall that e p and e p are idempotents in K ⊗ Q K ֒→ Q p ⊗ Q K corresponding to p and p respectively. In fact
so we have
The complex uniformization α : (C/a −1 , η a ) ≃ (A, η A ) /C yields the identifications
Here A is the formal group attached to A /V0 . Let e A : T p (A) × T p (A t ) → Z p be the Weil pairing. Let λ ϑ : A → A t be the prime-to-p polarization induced by the Riemann form z, w ϑ = (Im ϑ) 
(Note the sign −1.) The canonical polarization λ can : A ≃ A t is given by α(z) → α t (N(a)z). Let y be the complex point (ϑ, a −1 ξ c n(up −n )) and let (B, η B ) /V0 be a model of (A y , η y ) over
By a direct computation and (3.2), we find that
With the above preparations, we see that over C there are natural isomorphisms 
For a sufficiently large integer m, we have 
). If n is a positive integer and φ : (Z/p n Z)
Cp is a primitive Dirichlet character, then
Proof. This follows from Lemma 3.1 combined with Lemma 3.2.
3.3. Anticyclotomic p-adic L-functions.
Hecke characters and p-adic Galois characters. A Hecke character χ :
× denote the q-component of χ, and if χ has conductor c and a is any fractional ideal prime to c, we write χ(a) for χ(a), where a is an idele with a O K ∩ K = a and a q = 1 for all q | c.
Definition 3.4. The p-adic avatar χ :
Via the reciprocity law map rec K , each p-adic Galois character ρ :
We say that a p-adic Galois character ρ is locally algebraic if ρ = ρ A is the p-adic avatar of some Hecke character ρ A . A locally algebraic character ρ is called of infinity type (m, n) if the associated Hecke character ρ A is of infinity type (m, n), and the conductor of ρ is defined to be the conductor of ρ A . Note that if ρ A is unramified at p and of infinity type (m, n), then ρ is crystalline at p as ρ| GK p is an unramified twist of the m-th power of the p-adic cyclotomic character.
Modular forms. In the remainder of this article, we fix f ∈ S new 2r (Γ 0 (N )) to be an elliptic newform (i.e. normalized eigenform for all Hecke operators) of weight 2r and level N f | N . Let f (q) = n>0 a n (f )q n be the q-expansion of f at the infinity cusp. Let F be a finite extension of Q p containing the Hecke field of f , i.e. the field generated by {a n (f )} n over Q. Let ϕ f be the automorphic form attached to
and let π = ⊗ ′ π q be the irreducible cuspidal automorphic representation on GL 2 (A) generated by ϕ f . Note that π has trivial central character. Define the automorphic form ϕ
where
Then there is a unique geometric modular form f ♭ of weight 2r and level Γ 0 (N p 2 ) defined over O F such that:
2 is a p-adic modular form of weight 2r.
Explicit Waldspurger formula. We recall a result on the explicit calculation of toric period integrals in [Hsi14] . Let c = c o p n with p ∤ c o and n ≥ 0. Put
× be an anticyclotomic Hecke character, and set
We assume the following Heegner hypothesis:
f is a square-free product of primes ramified in K, and that (f, χ) satisfies the condition
Definition 3.5. Define the χ-toric period by
AK (a) (by (3.5)).
Let π K be the automorphic representation of GL 2 (A K ) obtained by the base change of π to K, and
, and the p-adic multiplier e p (f, χ) by
Proposition 3.6. Suppose that (a) χ has infinity type (r, −r) and (c, N + ) = 1, (b) (Heeg') and (ST) hold for (f, χ). (c) The conductor of χ is cO K . Then we have
Proof. We will follow the notations in [Hsi14] . Let
, and define the toric period integral where dt is the Tamagawa measure on A × K /A × . Under the assumption (b), the explicit Waldspurger formula in [Hsi14, Theorem 3.14] implies that
In the last equality, we used the formulae
On the other hand, under assumption (a) one can verify that
by comparing the Whittaker functions of the automorphic forms ϕ ♭ f and ϕ χ on both sides, where
We thus find
It is clear that the theorem follows from (3.6) and (3.7). 
For each a ∈ K (coNp)× with associated fractional ideal a ⊂ O co , let (A a , η a ) be the CM elliptic curve with level structure introduced in §2.3. Let t a be the canonical Serre-Tate coordinate of f ♭ around x a = [(A a , η a )] ⊗ WFp , and set
Definition 3.7 (Analytic anticyclotomic p-adic L-functions). Let ψ be an anticyclotomic Hecke character of infinity type (r, −r), and let c o O K be the prime-to-p part of the conductor of ψ.
We shall also view L p,ψ (f ) as an element in the semi-local ring W Γ .
The p-adic measure L p,ψ (f ) satisfies the following interpolation formula at characters of infinity type (m, −m) with m ≥ 0. In what follows, we assume (Heeg'), (ST) for (f, ψ) and that (c o , pN + ) = 1.
Proposition 3.8. If φ ∈ X p ∞ is the p-adic avatar of a Hecke character φ of infinity type (m, −m) with m ≥ 0 and p-power conductor, then
Proof. Suppose that m = 0. Then φ = φ is a finite order character, and χ := ψφ is an anticyclotomic Hecke character of infinity type (r, −r). Let cO K be the conductor of χ (so c = c o p n ). Suppose that n > 0. By Definition 3.7 and Proposition 3.3, we have (3.9)
For z ∈ Q × p , we use z p (resp. z p ) to denote the finite idele in K × with z at p (resp. p) and 1 at all the other places. Since f ♭ is of weight 2r and level Γ 0 (N p 2 ), a direct calculation shows that
where (Ω K , Ω p ) are the periods defined in §2.5. Note that we used (2.3) in the last equation. We thus find
Therefore, according to Definition 3.5 we obtain
The proposition for the case m = 0 and n > 0 now follows from Theorem 3.6. If n = 0, i.e. χ p = 1 is the trivial character on Z × p , then one can use (3.4) and the fact that ϕ f is a Hecke eigenform to show that f
, so (3.9) is still valid, and as above the proposition also follows in this case. For general m ≥ 0, comparing the interpolation formulas for L p,ψ (f ) and for the p-adic L-function
, and hence the general interpolation formulae of L p,ψ (f ) can be deduced from those of L p (π, ψ) in loc.cit.. We omit the details.
We now prove the nonvanishing of the p-adic L-function L p,ψ (f ).
Proof. Since f has conductor prime to D K , f can not be a CM form arising from K, and hence the ℓ-adic representation ρ f,ℓ is irreducible when restricted to G K for every prime ℓ. Therefore, it is well-known that there exist infinitely many primes ℓ such that:
are non-zero modulo ℓ for all but finitely many finite order characters φ ∈ X p ∞ . (Note that the roles of p and ℓ have been switched here.) In particular, this implies that L p,ψ (f ) does not vanish identically, and hence the theorem follows from p-adic Weierstrass preparation theorem.
Generalized Heegner cycles
4.1. Definitions. We continue to let f ∈ S new 2r (Γ 0 (N )) be a newform of weight 2r and level N . We assume the (strong) Heegner condition
N is a product of primes split in K.
Thus (Heeg') and (ST) will automatically hold.
This assumption ensures the existence of canonical elliptic curves in the sense of Gross (see [Yan04, Thm. 0.1]). We shall fix a canonical elliptic curve A with CM by O K , which is characterized by the following properties:
• There is a complex uniformization ξ :
• A is a Q-curve defined over H
is the real subfield of the Hilbert class field H K of K.
• The conductor of A is only divisible by prime factors of D K .
For each positive integer c, let For any ideal a of O c , in this section we always assume that aO K is prime to cD K pN. Let a be an ideal of O c and recall that σ a ∈ Gal(K a /K) is the image of a under the Artin map, where K a is the maximal abelian a-ramified extension of K. Then, by the main theorem of complex multiplication (cf. [dS87, Prop. 1.5, p.42]), we have A a = A σa c and the isogeny λ a : A c → A a in §2.3 is actually defined over K c and characterized by the rule
Define the isogeny
and let Γ a be the graph
be the CM point associated to a as in the last paragraph of §2.3, and let A be the universal elliptic curve over Y 1 (N ). Then x a determines an embedding i xa : A a → A , and we define Definition 4.1. The generalized Heegner cycle ∆ ϕa associated to the isogeny ϕ a is
Generalized Heegner classes (I).
Let p be a prime with p ∤ 2(2r −1)!N ϕ(N ). Let F be a finite extension of Q p containing the Hecke field of f . Let V f be the two-dimensional p-adic representation of G Q over F attached to the newform f by Deligne, and denote by V f (r) the Tate twist V f ⊗ ε r cyc , where ε cyc is the p-adic cyclotomic character. Following [BDP13, §3.1], we consider the p-adic Abel-Jacobi map
where T is the Galois stable O F -lattice in V f (r) in [Nek92, §3] , and S r−1 (A) is the G HK -module
with T p (A) the p-adic Tate module of A. For every ideal a of O c , define the generalized Heegner class z f,a associated to a by
In the following, we shall simply write z f,c for z f,Oc .
4.3. Norm relations.
Proof. This follows from the fact that the Abel-Jacobi image of ǫ X (i xa ) * (D) lies in the image of the map
We refer to §4.4 for the definition of the character κ A appearing in the next result.
The lemma thus follows immediately from
, which is identified with ker Pic O cp n → Pic O cp n−1 via the Artin isomorphism. The usual Hecke correspondence T q associated with a prime q ∤ N on the Kuga-Sato variety W 2r−2 (see [Sch90, §4] ) induces the Hecke correspondence T q × id on the generalized Kuga-Sato variety X 2r−2 = W 2r−2 × A 2r−2 . In what follows, we shall still write T q for T q × id if no confusion arises.
Proposition 4.4. Assume that p ∤ c. If p = pp is split in K, then for all n > 1 we have
Denote by T x the translation map by a torsion point x ∈ A a ×A. Then we have z∈ker ψL
are equal in the Néron-Severi group NS(A a ×A), and hence by Lemma 4.2 we have
Using Lemma 4.3 and the projection formula (id×
Choose a set Ξ of representatives of fractional O cp n -ideals of ker Pic O cp n → Pic O cp n−1 , and let
and thus by (4.3) and (4.4) we see that
If ℓ is inert and n = 1, then
and hence
This completes the proof. Define the G K -module
Generalized Heegner classes (II)
Enlarge F so that M ⊂ F , and let κ A : G K → O × F be the p-adic avatar of κ A . By the above properties of the CM character κ A , we have
, where τ is the complex conjugation, then (κ τ A /κ A ) j has infinity type (j, −j) and is a direct summand of S r−1 (B) as G K -modules. Therefore, there exists a finite order anticyclotomic character χ t such that χ is realized as a direct summand of S r−1 (B) ⊗ χ t as G K -modules, and let (4.5) e χ : S r−1 (B) ⊗ χ t −→ χ be the corresponding G K -equivariant projection. Note that χ t is unique up to multiplication by a character of Gal(H K /K), and that it has the same conductor as χ. In view of the decomposition
we shall regard the classes z f,a of (4.2) as elements z f,a ∈ H 1 (K c , T ⊗S r−1 (B)) via the natural inclusion 
Proof. We write σ a = rec K (a −1 ), where a ∈ K (c)× is such that a O c ∩ K = a, and let σ = σ a ∈ Gal(K c /K). One easily verifies that
We have the following fact:
This can be checked, for instance, by comparing the action of both sides on the p-adic Tate module of B (see Eq. (4.1)). By the above fact, we find that
We thus find that
, and the proposition follows.
For each integer c divisible by the conductor of χ, put z f,c ⊗ χ t := z f,c ∈ H 1 (K c , T ⊗ S r−1 (B) ⊗ χ t ), and let z f,χ,c be the χ-component of the class z f,c defined by
We finish this section with the proof of two lemmas which will be used in §7. Recall that we have fixed a decomposition N O K = NN. Lemma 4.6. Let τ be the complex conjugation. Then
where w f ∈ {±1} is the Atkin-Lehner eigenvalue of f .
Proof. We begin by noting that complex conjugation does indeed act on z f,c , since the elliptic curve A is defined over the real field H Lemma 4.7. Let ℓ ∤ cN D K be a prime inert in K. Let λ be a prime of Q above ℓ, and let λ cℓ and λ c be the primes of K cℓ and K c below λ. Denote by K λ cℓ and K λc be the completions of K cℓ and K c at λ cℓ and λ c , respectively. Then
where Frob ℓ ∈ Gal(Q ur ℓ /Q ℓ ) is the Frobenius element of ℓ.
Proof. Since χ is anticyclotomic and ℓ is inert, χ is a trivial character of G K λc , and hence Frob ℓ acts naturally on
The natural isogeny A c → A cℓ reduces to the Frobenius map Frob ℓ modulo λ, so we find that
where V * = Hom F (V, F ). Let B cris ⊂ B dR be the crystalline period ring and define 
to be the inverse of the Bloch-Kato exponential. We also let exp * be the dual exponential map 
]).
Recall that we assumed p = pp splits in K, with p induced by the fixed embedding ı p : Q → C p . If E is a finite extension of K, we denote by E p the completion of E at the prime induced by ı p . With a slight the abuse of notation, we call E p the p-adic completion of E, and for any G E -module V , we let
denote the localization map.
Some de Rham cohomology classes.
By the work of Scholl [Sch90] , it is known that V f can be realised as a quotient of H 2r−1 et (W 2r−2 /Q , Q p ) ⊗ Qp F , and we get the composite quotient map
by applying the comparison isomorphism [Tsu99] . Let ω f ∈ H p-adic Gross-Zagier formula. Define the generalized Heegner class z f,χ attached to (f, χ) by (4.7)
where c o p s O K is the conductor of χ.
Remark 4.8. By [Nek00, Thm. 3.3.1], the classes z f,χ,c from §4.4 lie in the Bloch-Kato Selmer group
Theorem 4.9. Suppose p = pp splits in K. Let ψ be an anticyclotomic Hecke character of infinity type (r, −r) and conductor c o O K with (c o , N p) = 1. If φ ∈ X p ∞ is the p-adic avatar of an anticyclotomic Hecke character of infinity type (r + j, −j − r) with −r < j < r and conductor p n O K with n > 1, then
where χ := ψ −1 φ and log p := log • loc p .
Proof. Let t a be the Serre-Tate coordinate of x a := [(A a , η a )] ⊗F p . Since the Fourier coefficients a n (f ♭ ) of f ♭ vanish for n divisible by p, we have
This implies that the associated measure d f ♭ a is supported on Z × p , and hence by Lemma 3.1, that
where θ is the operator acting on O Sx a as t a d dta . Put ξ := ψ −1 φ. By Proposition 3.3, we thus find that
Since θ −j−r f ♭ is a p-adic modular form of weight −2j, we deduce from (2.1) together with (2.5) that
From the relations
On the other hand, if σ = σ a with a ∈ K (pcoN )× and a = a O × cop n ∩ K, then
where ω(η a,p ) is the differential form induced from the p ∞ -level structure η a,p defined in §2.3. For the isogeny ϕ a : A → A a , one can verify that deg ϕ a = c o p n |a|
Thus following the calculations in Proposition 3.24, Lemma 3.23, and Lemma 3.22 of [BDP13] , we see that
Substituting (5.6) into (4.8), and using that φ has the exact conductor p n (n > 1) and ψ p is unramified, we conclude that
as was to be shown.
Explicit reciprocity law
5.1. The Perrin-Riou big logarithm. In this section we deduce from the main result of [LZ14] the construction of a variant of the Perrin-Riou logarithm map for certain relative height one Lubin-Tate extensions.
For any commutative compact p-adic Lie group G and any complete discretely valued extension
and H E (G) be the ring of tempered p-adic distributions on G valued in E. If L is a finite extension of Q p and G is the Galois group of a p-adic Lie extension of L ∞ = ∪ n L n of L with L n /L finite and Galois, we define
where T is any G L -stable lattice in V (this is independent of the choice of T ).
In the following, we let L be a finite unramified extension of Q p with ring of integers O L , and let F ur denote the composite of Q ur p with a finite extension F of Q p . We also let t ∈ B dR be Fontaine's p-adic analogue of 2πi associated with the compatible system {ı p (ζ p n )} n=1,2,... of p-power roots of unity.
Theorem 5.1. Let V be a crystalline F -representation of G L with non-negative Hodge-Tate weights, and assume that V has no quotient isomorphic to the trivial representation. Let F be a relative height one Lubin-Tate formal group over O L /Z p , and
with the following interpolation property: for any z ∈ H 1 Iw (L(F p ∞ ), V ) and any locally algebraic character χ : Γ → Q × p of Hodge-Tate weight j and conductor p n , we have
where
• ε(χ −1 ) and P (χ ± , X) are the epsilon-factor and the L-factor for Galois characters χ and χ ± , respectively (see [LZ14, §2.8] for the definitions).
• Φ is the crystalline Frobenius operator on Q p ⊗ L D cris,L (V ) acting trivially on the first factor.
satisfying the above interpolation formula for all continuous characters χ of G (see [loc.cit., Thm. 4.15]). Let J be the kernel of the natural projection H F ur (G) → H F ur (Γ). The corestriction map
is injective, and its cokernel is
by J we obtain a map
with the desired properties.
Iwasawa cohomology classes.
Keep the notations from §4.1, and for any positive integer c, let Σ = Σ c be a finite set of places of K containing the primes above pN c. Recall the Heegner classes z f,a ∈ H 1 (K c , T ⊗ S r1 (A)) of (4.2) attached to every integral O c -ideal a. In this section we further assume that p = pp splits in K and that the newform f is ordinary at p, i.e. the p-th Fourier coefficient a p (f ) ∈ O × F . The latter assumption will be crucial to construct, out of the classes z f,cp n = z f,O cp n for varying n, elements in the Iwasawa cohomololy groups
where K Σ is the maximal extension of K unramified outside Σ. Proof. This follows from a straightforward computation using Proposition 4.4. Now let z o f,a denote the image of z f,a under the natural map
where e o = e 1 is the projection (4.5) attached to the trivial character (so χ = χ t = 1). Similarly as before, we shall simply write z 
Proof. Directly from the definition of z f,c,α , by [Rub00, Lemma 2.4.3] we see that
and since χ is nontrivial, we may replace z o f,cp n ,α by z o f,cp n in this equation. By Proposition 4.5 (noting that e χ can be taken to be e o with χ t = χ), the result follows from the definition (4.6) of z f,χ,c .
Explicit reciprocity law for generalized Heegner cycles.
We now specialize the local machinery of §5.1 to the global setting in §5.2. In particular, we assume that p = pp splits in K and that the newform f ∈ S new 2r (Γ 0 (N )) is ordinary at p. Let ψ be an anticyclotomic Hecke character of infinity type (r, −r) and conductor c o O K with p ∤ c o . Recall that the p-adic avatar ψ is a p-adic character of Gal(K cop ∞ /K) valued in some finite extension Q p which by the hypothesis on the conductor is crystalline at the primes above p. Let F be a finite extension of Q p containing the Fourier coefficients of f and the values of ψ, and let V f ∼ = F 2 be the Galois representation associated to f . We assume throughout that p ∤ N , so that V f | GQ p is crystalline.
By p-ordinarity, there is an exact sequence of G Qp -modules
with F ± V f ∼ = F and with the G Qp -action on F + V f being unramified (see [Wil88, Thm. 2.1.4]). Let T ⊂ V f (r) be a G Q -stable lattice as in §4.2, and set
We next introduce an element ω f,ψ ∈ D cris,L (F − V * ). Recall that A is the canonical CM elliptic curve over the Hilbert class field H K fixed in §4.1. Let κ A : G HK → Aut T p (A) ∼ = Z × p be the character describing the Galois action on the p-adic Tate module of A. Thus
cyc as G HK -modules. Recall that t ∈ B dR denotes Fontaine's p-adic analogue of 2πi and set
where Ω p is the p-adic CM period defined in §2.5. Then t A generates D cris,F (κ 
On the other hand, note that the character ψ p ε −r cyc is trivial on the inertia group, and D cris ( ψ p (−r)) = F ω ψ is a one-dimensional F -vector space with generator ω ψ . Define the class
With a slight abuse of notation, we shall still denote by ω f,ψ its image under the natural projection 
and the action of the crystalline Frobenius Φ is given by 
has image contained in the Iwasawa algebra Λ F ur (Γ).
Proof. This follows easily from the Frobenius eigenvalue formula (5.4) and [LZ14, Prop. 4.8].
In what follows, we make the identification Gal( 
As shown in [LZ16, Prop. 2.4.2], there is an isomorphism H
and define
Similarly as in §4.5 (see Remark 4.8), the Heegner classes z o f,a lie in the Bloch-Kato Selmer group 
and letting res
Theorem 5.7. Suppose p = pp splits in K. Let f ∈ S new 2r (Γ 0 (N )) with p ∤ N be a p-ordinary newform, and let ψ be an anticyclotomic Hecke character of infinity type (r, −r) and conductor
where σ −1,p := rec p (−1)| K p ∞ ∈ Γ is an element of order two.
Proof. Let φ : Γ → C × p be the p-adic avatar of a Hecke character φ of infinity type (r, −r) and conductor p n , for any n > 1, and set χ := ψ −1 φ, which is a finite order character. Applying Lemma 5.4, we find that z χ f = α −n ·z f,χ , where z χ f denotes the χ-specialization of z f . By Theorem 4.9 (with j = 0), we thus obtain (5.6)
On the other hand, a straightforward calculation reveals that the ε-factor for the p-adic Galois character
. Therefore, by Theorem 5.1 combined with (5.3) and (5.4), we find that
Since ψ has conductor prime to p, we have g(φ
p ) in formula (5.7). Comparing (5.6) and (5.7), we see that both sides of the desired equality agree when evaluated at φ −1 . Since the set of all such characters φ (for varying n > 1) is Zariski-dense in the space of continuous p-adic characters of Γ, and both sides of the desired equality are elements in the Iwasawa algebra Λ F ur ( Γ), the result follows from the p-adic Weierstrass preparation theorem.
We are now ready to prove the "explicit reciprocity law" relating the image of generalized Heegner classes under the dual exponential map to the central values of the Rankin L-series L(f, χ, s) associated with f and the theta series of an anticyclotomic locally algebraic Galois character χ of conductor cO K . Recall that L(f, χ, s) is defined by the analytic continuation of the Dirichlet series
where a runs over ideals of O K with (a, cO K ) = 1. In terms of automorphic L-functions, we have
where π K is the base change of the automorphic representation π generated by f , and χ A is the Hecke character of K × associated to χ. Also, recall from (5.2) the relation ω A η A = t.
Corollary 5.8. With notations and assumptions as in Theorem 5.7, let χ :
F be a locally algebraic p-adic character of infinity type (j, −j) with j ≥ r and conductor
Proof. Choose an anticyclotomic Hecke character ψ of infinity type (r, −r) and conductor c o such that the character φ = χ ψ −1 is of infinity type (j − r, r − j) and conductor p n . Assume first that n > 0. By Theorem 5.7 and Theorem 5.1, we then see that
p . On the other hand, by the interpolation formula in Proposition 3.8 (with m = j − r), we have
Combining (5.8) and (5.9) with the equality in Theorem 5.7, we find that
This proves the result when n > 0; the case n = 0 is similar, and is left to the reader.
The arithmetic applications
In this section, we state our main arithmetic applications in this paper, whose proof will be based on the results of the preceding sections combined with Kolyvagin's method of Euler systems. The details of the Euler system argument will be given in §7.
6.1. Setup and running hypotheses. Let f ∈ S new 2r (Γ 0 (N )) be a newform, and let F/Q p be a finite extension with the ring of integers O = O F containing the Fourier coefficients of f . Let
be the p-adic Galois representation attached to f , and set ρ *
× be a locally algebraic character of infinity type (j, −j) and conductor cO K and set V f,χ := V | GK ⊗ χ. Recall that the Bloch-Kato Selmer group of V f,χ is defined by
We summarize the running hypotheses in this section.
Hypothesis (H).
(a) p ∤ 2(2r − 1)!N ϕ(N ); (b) (Heeg) and (can) in §4.1;
Let ǫ(V f,χ ) = ±1 be the sign in the functional equation for L(f, χ, s). To calculate the sign, we note that ǫ(V f,χ ) = v ε( 1 2 , π Kv ⊗ χ v ) is a product of local root numbers over places v of Q. By the formulae [Sch02, (9), (12)], we see that ε( 1 2 , π Kv ⊗ χ v ) = 1 for all finite place v under the hypothesis (Heeg). On the other hand, since π ∞ is the unitary discrete series of weight 2r − 1, we have
where µ :
. Therefore, we find that
6.2. Nonvanishing of generalized Heegner cycles. Recall from §4.4 the construction of the generalized Heegner classes z f,χ ∈ H 1 (K, T ⊗ χ) in (4.7).
Theorem 6.1. Suppose that ǫ(V f,χ ) = −1. The following two statements hold.
(
(2) The classes z f,χφ are nonzero in H 1 (K, V f,χφ ) for all but finitely many finite order characters
Proof. The first part is a restatement of Theorem 7.7. The second part follows immediately from Theorem 4.9 and the nonvanishing of the p-adic L-function in Theorem 3.9.
6.3. Vanishing of Selmer groups. Assume further that f is ordinary at p in this subsection.
Proof. The nonvanishing of the central value L(f, χ, r) implies that ǫ(V f,χ ) = +1, and hence χ has infinity type (j, −j) with j ≥ r or j ≤ −r by (6.1). Let χ τ (g) := χ(τ gτ ), where τ is the complex conjugation. Then clearly L(f, χ τ , r) = L(f, χ, r) and the action of τ induces an isomorphism Sel(K, V f,χ ) ≃ Sel(K, V f,χ τ ), so we may assume that j ≥ r. One then immediately checks that V f,χ | GK p has positive Hodge-Tate weights 2 , while the Hodge-Tate weights of V f,χ | GK p are all ≤ 0. By [BK90, Thm. 4.1(ii)] we thus have Combined with the nonvanishing of the p-adic L-function in Theorem 3.9, the results of Theorem 6.1 and Theorem 6.2 allow us to immediately obtain the following analogue of the growth number conjecture in [Maz84] on the asymptotic behavior of the ranks of Selmer groups over ring class fields.
Theorem 6.3. There exists a non-negative integer e such that the formula
holds for all sufficiently large n.
6.4. The parity conjecture. In combination with Nekovář's results on the parity of a p-adic family of Galois representations [Nek07] , our results imply the following parity conjecture for V f,χ . We heartily thank Ben Howard for drawing this application to our attention.
Theorem 6.4. Suppose that f is ordinary at p. Then we have 3 . Let F (φ) be the field generated over F by the values of φ, let O(φ) be the ring of integers of F (φ), and put V φ := T φ ⊗ O(φ) F (φ). Let ǫ(V φ ) ∈ {±1} be the sign of the Weil-Deligne representation attached to V φ . Under Hypothesis (H), it is well-known that ǫ(V φ ) = ǫ(V f,χ ) is independent of φ, and as already noted we have
Now choose a Hecke character ψ of infinity type (r, −r) and conductor c o O K such that χ ψ −1 is of p-power conductor. By Theorem 3.9, we can choose φ sufficiently wildly ramified such that
Thus Proposition 3.8 and Theorem 6.2 imply that dim
, while Theorems 5.7 and 6.1 imply that dim F (φ) Sel(K, V f,χφ ) = 1 if ǫ(V f,χ ) = −1. On the other hand, by Shapiro's lemma we can verify that
Therefore, by [Nek07, Cor. (5.3.2)] (see also [Nek09] ), we conclude that
and the parity conjecture for V f,χ follows.
Kolyvagin's method for generalized Heegner cycles
We keep the setup and Hypothesis (H) introduced in §6, except that we do not assume that p is split in K. In particular, f ∈ S new 2r (Γ 0 (N )) is a newform of level N prime to p, and χ :
is a locally algebraic anticyclotomic Galois character of infinity type (j, −j) and conductor cO K . Write c = c o p s with p ∤ c o . The aim of this section it to develop a suitable extension of Kolyvagin's method of Euler systems for the Galois representation V ⊗ χ. We largely follow Nekovář's approach [Nek92] . 7.1. Notation. For each positive integer n, let K n be the ring class field of K of conductor n, and
, where K Σn is the maximal extension of K unramified outside the prime factors of pN c o n.
Recall that T is the G Q -stable O-lattice of the self-dual Galois representation V as in [Nek92, §3] . By [Nek92, Prop. 3.1(2)], there is a G Q -equivariant O-linear perfect pairing 
We let ℓ always denote a rational prime inert in K, and let λ be the prime of O K above ℓ, K λ be the completion of K at λ, and Frob ℓ be the Frobenius element of λ in
be the finite part and the singular quotient of H 1 (K λ , A), respectively. Denote by loc ℓ : A) the localization map at ℓ and by
Kolyvagin's anticyclotomic Euler systems. Denote by K the set of square-free products of primes ℓ inert in K with ℓ ∤ 2pN c o . Let τ denote the complex conjugation, and let w f ∈ {±1} be the Atkin-Lehner eigenvalue of f .
Definition 7.1. An anticyclotomic Euler system attached to (T, χ) is a collection {c n } n∈K of classes c n ∈ H 1 (K cn , T ⊗ χ −1 ) such that for every n = mℓ ∈ K we have:
We briefly recall the construction of derivative classes attached to an anticyclotomic Euler system c = {c n } n∈K . First we make an auxiliary choice of a positive integer ν such that p ν annihilates:
(i) the kernel and cokernel of the map res K,Kn :
∆n for all positive integers n and M ; (ii) the local cohomology groups
The existence of such ν follows from [Nek92, Prop. 6.3, Cor. 6.4, Lem. 10.1]. Define the constant
Let K M be the set of square-free products of M -admissible primes, and for each n ∈ K M let G n denote the Galois group Gal(K nc /K c ) ⊂ ∆ cn . For each ℓ | n, the group G ℓ is cyclic of order ℓ + 1, and we have a canonical decomposition G n = ℓ|n G ℓ . Fixing a generator σ ℓ for each G ℓ , Kolyvagin's derivative operators are defined by
and the derivative class κ χ −1 (n) is defined by
We next introduce Euler systems with local conditions at p.
be the orthogonal complement of F under the local Tate pairing. We assume that
) and let
Note that if p | n, then Sel
does not depend on the choice of F . When n = 1 we shall
and define Sel F * (K, T M ⊗ χ) in a similar way. Let
By [Nek92, Prop. 10.2 (2)(3)], the derivative classes κ χ −1 (n) satisfy
and by definition we see that
If ℓ is an M -admissible prime, then G K λ acts trivially on T M ⊗ χ −1 , and there are isomorphisms
given by evaluation of cocycles at Frob ℓ and γ ℓ , respectively, where γ ℓ is a generator of the pro-p part of the tame inertia group of K λ . Define the finite-to-singular map
Then it is proved in [Nek92, Prop. 10.2] that for every M -admissible prime ℓ | n, we have the relations
with ω(n) the number of prime divisors of n.
Definition 7.2. Let ES(T, χ, F ) be the space of anticyclotomic Euler systems with local condition F , consisting of anticyclotomic Euler systems c = {c n } n∈K satisfying, in addition to (E1-3) in Definition 7.1, the conditions:
The following is one of the key technical results in this paper.
Theorem 7.3. If c ∈ ES(T, χ, F ) is an Euler system with local condition F with
In the next two sections we shall give the applications of this result to the Euler system constructed in this paper, postponing the proof of Theorem 7.3 to §7.5.
Euler system for generalized Heegner cycles (I).
Suppose p = pp splits in K, and for this section assume that χ has infinity type (j, −j) with −r < j < r.
We consider the χ −1 -component z f,χ −1 ,n of the generalized Heegner classes z f,n , as defined in (4.6).
Proposition 7.4. If n = mℓ with ℓ inert in K and c | m, then:
Proof. These properties follow from Proposition 4.4, Lemma 4.6, and Lemma 4.7, respectively.
Lemma 7.5. Suppose p > 2r − 1. Let w be a place of K c above p, and let K c,w be the completion of
is surjective, and the restriction map
It is easy to see that κ χ −1 (n) is divisible by p ν , and so κ χ −1 (n), H 1 (K v , T ) tor = 0. On the other hand, we compute
Thus to verify (7.3) it remains to show that loc w (ρD n z
Recall that for every x = lim ← −m x m and y = lim
, the pairing is defined by
and it enjoys the interpolation property: if χ : Γ → O × is any p-adic character, then
Since for any finite order character φ of Γ and any ρ ∈ ∆ co , the classes y φ N ,σ and loc w (ρz
, we see that loc w (ρD n z f,cn ), y N ,σ N = 0, and hence loc w (ρD n z
This completes the proof.
Theorem 7.9. If loc p (z
Proof. To every choice of subspaces F v ⊂ H 1 (K v , V ⊗ χ) for every prime v | p, we associate the generalized Selmer group
The nonvanishing hypothesis implies that loc p (z χ f ) = 0, and hence by Proposition 7.8 and Theorem 7.3, we have
Note that loc p (z 
7.5. Kolyvagin's descent: Proof of Theorem 7.3. Let c ∈ ES(T, χ, F ) be an Euler system with
Since ρ * f is absolutely irreducible, we have R ρ ⊗ F = M 2 (F ), and hence B 2 < ∞. Lemma 7.10. Let E ⊂ K cop ∞ be a p-ramified extension of K. Then either E = Q or Q( √ p * ), where p * = (−1) p−1 2 p. Proof. Since p ∤ D K , the fields E and K are linearly disjoint. It follows that EK is abelian and dihedral over Q. Hence by class field theory we conclude that either E = Q or Q( √ p * ).
Let M be a positive integer. Then χ −1 (mod ̟ M ) factors through the Galois group Gal(H/K) for some ring class field K cop ∞ /H/K co . Let H ♭ be the maximal pro-p extension of K co inside H. Then Gal(H/H ♭ ) is a cyclic group of order dividing p ± 1. In addition, the ramification index of H ♭ above p is a p-th power, and by Lemma 7.10 is follows that Q 
It is easy to see that S ′ → Hom(W ′ , T M ) is also injective given the injectivity of j, and hence by induction hypothesis we have
and let W ′ → V 1 /W 1 be the R ρ -module map w ′ → pr 1 (w), where w is a lifting of w ′ in W ⊂ V, and pr 1 : V → V 1 is the first projection. By Lemma 7.11(1), there exists m ≤ n 1 such that
By Lemma 7.11(2), there exists (a 2 , . . . , a s ) ∈ O s−1 such that
In particular, for every (w 1 , . . . , w s ) ∈ W, we have
This shows that (−̟ n1−m+γ+B2 , ̟ n1−m+γ a 2 , . . . , ̟ n1−m+γ a s ) ∈ S annihilates W. By the injectivity of j : S ֒→ Hom(W, T M ), the equality ̟ n1−m+γ+B2 = 0 ∈ O/(̟ n1 ) implies that m ≤ γ + B 2 . Thus we have proved the inclusions ̟ γ+2B2 V 1 ⊂ W 1 and ̟ γ V ′ ⊂ W ′ , and it follows that ̟ 2γ+2B2 V ⊂ W, concluding the proof of the lemma.
kerρM be the splitting field of T M , and set Proof. Since Gal(H/H ♭ ) has order dividing p ± 1, the Gal(H/H ♭ )-module S can be decomposed into a direct sum of cyclic O-modules: Proposition 7.14.
(1) Proof. This can be proved by the same argument as in [Nek92, Prop. 12.2].
The descent argument. Define the constants B 3 , B 4 by Lemma 7.15. There is an M -admissible prime ℓ 1 such that ord ̟ (α ℓ1 (κ χ −1 (1))) = ord ̟ (α ℓ1 (κ χ (1))) ≤ C 1 .
Proof. Let res K,L :
be the restriction map. Let s 1 = res K,L (κ χ −1 (1)) ∈ H 1 (L, T M ), and consider the O-submodule S := Os 1 + Os
Take an element t ∈ ̟ B1+B3+B4 T M with ord ̟ (t) = B 1 + B 3 + B 4 , and define f ∈ V S by f (s 1 ) = t and f (s τ 1 ) = 0 if χ = χ −1 . Using Proposition 7.14(1), it is easy to see that f is well-defined. Applying Lemma 7.13, we find that
and evaluating at s 1 we obtain ̟ 6B2 t = g∈G + S a g · κ χ −1 (1)(g).
This shows that there is an element g ∈ G + S with ord ̟ (κ χ −1 (1)(g)) ≤ C 1 , and the existence of a prime ℓ 1 as in the statement follows from Proposition 7.14.
Fix an M -admissible prime ℓ 1 as in Lemma 7.15, and let S ⊂ H 1 (L, T M ) be the image of the sum of Sel (ℓ1)
F (K, T M ⊗ χ −1 ) and its complex conjugate. Then S ⊂ Hom(G S , T M ) Gal(L/H) is an O[Gal(H/Q)]-submodule. We will apply the discussion in the preceding paragraphs to this S.
Setting
we have dim F S ⊗ F ≤ 2 dim F Sel We thus find that xt 1 = yt 2 = 0, and so g is well-defined. Extending g to a map g : S → T M , we put f := g + g τ ∈ V + S . Since we have f (s 1 ) = g(s 1 ) + τ g(s One can verify that g is well-defined as before, and extending g to a map g : S → T M , we set f := g+ g τ . Then f (s 1 ) = 2t 1 and f (s 2 ) = 2t 2 , proving the claim. By Lemma 7.13, ̟ C2 T M ⊂ ̟ C2−B V + is contained in the O-module generated by ξ(G + S ), and we find that By Proposition 7.14(1), it follows that p B1+2C2+1 s = 0.
Lemma 7.18. For each ℓ ∈ Σ Y , we have
Proof. By the choice of ℓ ∈ Σ Y , we have
This is equivalent to ̟ 2B H 1 f (K λ , T M ⊗ χ −1 ) ⊂ Oloc ℓ (κ χ −1 (1)) + Oloc ℓ (κ χ −1 (ℓ 1 )). The lemma thus follows from property (K2). Now Theorem 7.3 is a consequence of the following result. This implies that p C3 annihilates the kernel of the localization map
On the other hand, setting a 1 := ord ̟ (α ℓ1 (κ χ (1))), a 2 := ord ̟ β ℓ (∂ ℓ1 κ χ −1 (ℓ 1 )), by Lemma 7.15 and (K2) we have a 1 ≤ C 1 and a 2 ≤ C 1 + B 1 . If M > a 1 + a 2 , an elementary argument shows that
Combining these together, we deduce that
for every M > 2C 1 + 2B 1 , and the theorem follows.
